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Abstract

An algorithm has been developed to predict steady state thickener operation from fundamental material properties, properly accounting for
compression of the suspension network structure within the sediment bed. The material properties include the compressive yield stress,Py(φ),
and the hindered settling function,R(φ). Py(φ) reflects the suspension network strength as a function of solids volume fractionφ, while R(φ)
is inversely related to the permeability. The required inputs to the model includePy(φ) andR(φ) curve fits, thickener diameter as a function of
height, solids density, liquid density and feed solids volume fraction. The model output is either solids throughput or solids flux as a function
of underflow solids concentration, for a range of suspension bed heights. As a bonus, the solids residence time in the suspension bed can also
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The algorithm involves prediction of the solids throughput versus underflow solids concentration in two parts; free settling (cla

nd compression within the suspension bed (thickening). The free settling prediction utilises an adaption of the simple Coe and
ethod, while prediction of compression in the bed is achieved through integration of a differential equation developed from the fu
ewatering theory of Buscall and White. The limiting steady state solids flux is the minimum of the two predicted values for each u
olids concentration and bed height.
In just minutes, this algorithm can produce tabulated and graphical results providing useful insights into the inter-relationship

olids throughput, bed height and underflow solids concentration. For steady state thickener operation, the outputs reveal three ge
f stable operation; permeability limited at high solids fluxes, compressibility and permeability dependant at intermediate solids
ompressibility limited at very low solids fluxes. Knowledge of the conditions under which each of these modes is applicable enabl
perators to understand the effect of variations in process conditions and assists in process optimisation.
2005 Elsevier B.V. All rights reserved.
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. Introduction

Thickening is a process that occurs in any type of clari-
er, washer or settler that concentrates solids via settling and
ormation of a network structure or bed. Many incremen-
al improvements in the performance of industrial thickeners
ave been based on selecting conditions that produce de-
ired properties in settling test behaviour. Examples include
electing conditions that produce the desired settling rate, fi-
al sediment solids concentration, viscosity or shear yield
tress. Though well entrenched and loosely based on ma-
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E-mail address:peterjs@unimelb.edu.au (P.J. Scales).

terial properties, such as permeability, compressibility
shear rheology, this type of empirical method does no
able quantitative prediction of thickener performance.

Compressive yield stress and permeability have bee
tablished as fundamental physical properties that deter
suspension dewaterability[1]. Experimental techniques ha
been developed to allow rapid and comprehensive dew
ability characterisation over a wide range of solids conce
tions using batch settling, gravity permeation, centrifuga
and pressure filtration tests[2–6].

Numerous authors[7–9] have presented fundamenta
based equations and computational algorithms for predi
transient thickener performance. The outputs of these
rithms enable understanding of how long it takes for pro
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variations to have their effect on process performance. The
key disadvantage of these methods is their complexity, of-
ten resulting in significant computation time, enabling only
a small number of conditions to be modelled. Prediction of
steady state thickening performance is computationally sim-
pler than the transient counterpart, thus enabling a wider
range of conditions to be modelled. Again, numerous au-
thors[2,3,10–12]have presented fundamentally based equa-
tions and algorithms to predict steady state thickener perfor-
mance. Methods presented by Green[3], Landman et al.[11]
and Landman and White[12] properly modelled consolida-
tion in the suspension bed, but not sedimentation above the
bed. The methodologies of Garrido et al.[10] and Usher[2]
are mathematically consistent, but apply very different com-
putation algorithms and present outputs differently. Garrido
et al.[10] present outputs as solids concentration profiles in
the bed as a function of volumetric throughput rather than
solids throughput, which sometimes obscures understanding
of how to optimise a process. This paper introduces the al-
gorithm by Usher[2] for which a modelling tool has been
developed to facilitate prediction using curve fits of experi-
mentally determined dewaterability data with the fundamen-
tally based mathematical theory of Buscall and White[1].
The technique predicts the steady state solids throughput for
a given feed solids concentration and thickener dimensions
as a function of suspension bed height and underflow solids
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pumped. The relationship betweenτy(φ) andPy(φ) has been
measured for a number of systems and generally follows a
fixed ratio up to a critical concentration[14,15].

2.1. Material property characterisation

A detailed protocol for the quantification of the dewatering
parameters to be used as inputs to the dewatering model, has
been established. The experimental techniques employed are
generic to the assessment of dewatering performance in a
range of industries. Techniques of relevance include batch
settling tests[2–4] for permeability analysis at low solids
and for compressibility analysis at solids near the gel point
and stepwise pressure filtration[5,6] for permeability and
compressibility analysis at higher solids. Other techniques
including gravity permeation[2] and centrifugation[3] have
also been developed. The shear yield stress can typically be
characterised over a range of solids concentrations using a
vane rheometer[19,20]or slump test[21].

Once obtained, the experimental data can be fitted with
curves such as those proposed by Landman et al.[11]. The
most commonly utilised functional forms are given by:

Py(φ) = k

((
φ

φg

)n

− 1

)
for φ > φg, (2)
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oncentration. Presenting performance prediction outpu
his manner enables improved understanding of how pro
ariables influence thickener output.

. Material properties

As a prelude to introducing the computational algorit
t is important to understand the material properties invol
he gel point,φg, represents the solids concentration at w

he suspension forms a continuously networked struc
he network strength is quantified in terms of the comp
ive yield stress,Py(φ), which is, for a suspension at sol
oncentrationφ, the maximum compressive stress that
e applied before irreversible yielding and dewatering
igher solids concentration.Py(φ) is zero for all solids con
entrations belowφg. The rate at which a material can
ewatered is quantified in terms of the hindered settling f

ion,R(φ), which represents the resistance to flow through
uspension network structure and is inversely related t
raditional Darcian permeabilitykDarcy(φ) according to th
ollowing equation[13]:

Darcy(φ) = η

R(φ)

1 − φ

φ
(1)

he shear yield stress,τy(φ), often termed the yield stres
epresents the shear stress required for a suspension a
oncentrationφ to irreversibly yield and flow. Thoughτy(φ) is
ot utilised by this dewatering model, it does provide a m
f evaluating whether the output suspension can be rake
s

(φ) = w(1 − φ)m, (3)

herePy(φ) = 0 for φ ≤ φg andk, n, w andm are empirica
tting parameters. Unfortunately, these functional forms h
een found to be too rigid and thus unable to provide
dequate fit to experimental data that spans a wide
f solids concentrations[2]. Two alternatives that have be
hown to provide a better fit are:

y(φ) =
(

1 −
(

φg

φ

)pm
)

epaφ
pn+pb for φ > φg, (4)

(φ) = ra(φ − rg)rn + rb, (5)

herePy(φ) = 0 forφ ≤ φg andpa, pb, pm, pn, ra, rb, rg andrn
re empirical fitting parameters. Curve fits using Eqs.(4) and
5) are presented inFigs. 1 and 2. Other potential alternative
nclude interpolation functions or composite functions wh
plit the curve into a number of domains, each with its
arameter set.

. Thickener dewatering performance prediction

A pseudo two-dimensional thickener modelling capab
as been developed to quantify the role of flocculants in
atering. This involves a steady state thickening calcula
lgorithm[2] which combines free settling rate theory[16]
ith suspension bed consolidation theory[3]. This modelling

ool can be applied for both flat bottomed thickeners and
erging base thickeners through the use of a shape fac
ccount for cross sectional area variations[3]. The assump
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Fig. 1. Example of compressive yield stress,Py(φ), curve fit using the
asymptote and exponential-power law functional form given by Eq.(4) with
parameter valuesφg = 0.15,pa = 27,pb = 1, pm = 20 andpn = 1.

tions, inputs and calculation algorithm are described below.
The theory has been converted into code, enabling timely sim-
ulation of steady state thickening from dewaterability data.
The output includes steady state solids flux predictions for a
range of underflow solids concentrations and suspension bed
heights.

3.1. Assumptions

As with all process models, there are a number of as-
sumptions and these should be kept in mind when utilising
the model output. The assumptions are as follows:

• The model used is one-dimensional.

F -
t
r

It is converted to a two-dimensional model by the use of
a shape factor, so the model does not account for short
circuiting and mixing. This implies that only vertical
dewatering is predicted and horizontal flow of liquor is
ignored. As a result, non-isotropic permeability varia-
tions are not taken into account.

• The model assumes line settling.
This implies that settling rate and permeability are func-
tions of solids volume fraction and all solid particles at
the same height settle at the same rate, with no particle
size segregation.

• The model does not account for shearing.
Shear forces in the thickener, caused by the action of
rakes and shear rods, are expected to improve thicken-
ing. However wall friction which can slow consolidation
is also not included.

• The model assumes that no solids exit via the overflow.
• The model assumes steady state thickener operation.

3.2. Inputs

The inputs required for the steady state thickener model
include:

• A compressive yield stress,Py(φ), curve fit.
•
• tion

•
•

the
P -
i m at
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c
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ig. 2. Example of hindered settling function,R(φ), curve fit using the func
ional form given by Eq.(5) with parameter valuesra = 5× 1012, rb = 0,

g =−0.05 andrn = 5.
A hindered settling function data,R(φ), curve fit.
The thickener dimensions, including diameter as a func
of height,d(z), such as that shown inFig. 3.
The feed solids concentration,φ0.
Solid and liquor densities,ρsol andρliq .

All modelling results presented in this paper utilise
y(φ) andR(φ) curve fits specified inFigs. 1 and 2, converg

ng base thickener dimensions such that the diameter is 1
he base (hb = 0) anddmax= 40 m forhb ≥ 5 m, a feed solid
oncentrationφ0 = 0.05, a solids densityρsol = 3200 kg m and
liquid densityρliq = 1000 kg m−3.

ig. 3. Schematic of a converging base thickener, with truncated cone,
ng height in the thickener,z, the suspension bed height,hb, and the maximum
hickener diameter,dmax.
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3.3. Calculations

Steady state thickener modelling involves prediction of the
solids throughput as a function of underflow solids concen-
tration and suspension bed height in two parts. The first part
deals with free settling (generally called clarification) while
the second part considers compression in the suspension bed
(thickening). The free settling and compression predictions
are combined to predict the steady state solids flux by taking
the minimum predicted solids flux for each underflow solids
concentration. It is important to note that in all of the follow-
ing equations, the solids flux,q, is defined as a volume of
solids per unit time per thickener cross sectional area, with
SI units of kg s−1 m−2. The cross sectional area referred to
is that of the vessel at the top of the suspension bed, where
the heightz= hb, and solids concentrationφ =φg. However,
to adhere to industry conventions, all graphs of solids flux
are presented in tonnes of solids per hour per square meter,
while all graphs of solids throughput are presented in tonnes
of solids per hour.

3.4. Free settling

Coe and Clevenger[17] proposed that the settling rate is
a function of solids concentration as long as no mechanical
s
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3.5. Compression

The underflow solids concentration predicted by free set-
tling is often not achieved because suspension compressibil-
ity also limits the underflow solids concentration. Traditional
methods of predicting thickening behaviour assume an in-
compressible suspension bed with a constant solids concen-
tration, which is fundamentally flawed when a material ex-
hibits a compressive yield stress over a range of solids concen-
trations. The technique used in this analysis involves integra-
tion of a pseudo two-dimensional differential equation that
has been developed from fundamental dewaterability theory
[3,11]:

dφ(z)

dz
=

[R(φ(z))/(1 − φ(z))2][q/α(z)]

× [1 − φ(z)/φu] − �ρgφ(z)

dPy(φ(z))/dφ(z)
, (8)

where a thickener shape factor,α(z), defined as,

α(z) =
(

d(z)

dmax

)2

, (9)

accounts for the cross sectional area variations with height
in the thickener,z. The definition ofα(z) is such thatα = 1
when the thickener diameter,d(z), is at its maximum,dmax,
and the cross sectional area is also maximised. The pseudo
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upport is contributed from layers of suspension below[16].
hey called this condition free settling. Indeed, using

heory of Buscall and White[1], the free settling rate,ufs(φ),
f a suspension in the absence of a compressive yield

nfluence is predicted to be a function of the solids volu
raction,φ, according to the following:

fs(φ) = �ρg(1 − φ)2

R(φ)
, (6)

here�ρ =ρsol− ρliq , is the solid liquid density differenc
ndg= 9.8 m s−2 is the gravitational constant. The traditio
oe and Clevenger method suggests that this settling
e used in a material balance to determine the thick
teady state solids flux (for the maximum thickener c
ectional area),q, for suspension at any solids concen
ion, φ, and for a given underflow solids concentration,φu
16].

= ufs(φ)

1/φ − 1/φu
(7)

or a given underflow solids concentration,φu, and suspen
ion bed height,hb, the maximum thickener capacity possi

n free settling,qfs, will be the minimum value of solids flu
, obtained by applying the material balance for all so
oncentrations,φ, ranging fromφ0 to φu. The theory an
ethodology presented here is consistent with that pres
y other recent workers, such as Bustos et al.[18], and an
nalogous algorithm has been presented by Garrido

10].
wo-dimensional differential equation relates the chang
olids concentration with height in the thickener, dφ(z)/dz,
or a given steady state solids flux,q, and underflow solid
oncentration,φu.

At steady state, the solids concentration is equal to th
oint,φg, at the top of the suspension bed,z= hb, and is equa

o the given underflow solids concentration,φu, at the bas
f the thickener,z= 0.

To determine the solids flux,q, required to produce
teady state suspension bed height,hb, and underflow solid
oncentration,φu, the differential equation is integrated fro
he bottom to the top of the suspension bed,z= 0 tohb, subjec
o the boundary condition,

(0) = φu, (10)

sing an initial guess for,q. The value ofq is bounded betwee
and the permeability limit determined in the free sett

alculations for the givenφu.
The solids flux guess is iteratively adjusted through

eated integrations, until the solids concentration at th
f the bed equals the gel point,

(hb) = φg. (11)

n alternative description of Eq.(10) can improve compu
ational speed. The inverted differential equation, shown
ow,

dz(φ)

dφ
= dPy(φ)/dφ

[R(φ)/(1 − φ)2][q/α(z(φ))][1 − φ/φu] − �pgφ
,

(12)
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relates the change in height with solids concentration in
the thickener, dz(φ)/dφ, for a given steady state solids flux,
q, and underflow solids concentration,φu. The differen-
tial equation is integrated from the bottom to the top of
the suspension bed,φ =φu to φg, subject to the boundary
condition,

z(φu) = 0, (13)

using an initial guess for,q. The solids flux guess is itera-
tively adjusted through repeated integrations, until the solids
concentration at heighthb equals the gel point,

z(φg) = hb. (14)

The integration method is repeated for a number of underflow
solids concentrations,φu, and suspension bed heights,hb, to
produce curves ofq versusφu, for a number ofhb values
generally ranging from 0.1 to 20 m.

3.6. Combining results

The free settling and compression predictions are com-
b ing
t lids
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e this
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i

F ct the
l

4. Outputs – thickener dewatering performance
prediction

4.1. Solids flux

An algorithm has been programmed in Mathematica code
and also C-code to take the input data and determine the
steady state solids flux for a range of underflow solids con-
centrations and suspension bed heights. The resultant output
data, derived from thePy(φ) andR(φ) inputs inFigs. 1 and 2,
is presented inFig. 5. The data illustrate the expected un-
derflow solids achievable for a given solids flux through the
thickener (flux is calculated from the solids throughput per
unit cross sectional area of the vessel at the top of the suspen-
sion bed). The effect of different suspension bed heights on
the predicted underflow solids concentrations is illustrated.
The gel point and feed solids concentration are also illus-
trated. The operation of a thickener may be broken into two
distinct regions, each of which will be discussed in turn.

4.2. Permeability limited operation

For moderate to high solids fluxes, >0.1 t h−1 m−2 in this
example, thickener operation is permeability limited. This
implies that the rate at which the solids are passed through
t orces
i the
r lids
n ility.
T ited
o ion is
a us-
p bed
h t ac-

F ion of
t nge
o

ined to predict the limiting steady state solids flux by tak
he minimum predicted solids flux for each underflow so
oncentration as shown inFig. 4. This approach is propos
y Coe and Clevenger[17] for settling rate dependant thic
ning and it is a logical extension of this idea to apply
ethodology for dewatering in the bed as well. The comp

ional algorithm that was used to produce the results pres
n this paper are provided in Appendix A.

ig. 4. Combining free settling and compression predictions to predi
imiting steady state solids flux.
he vessel is so fast that no transmission of compressive f
s achieved in the suspension bed. The limiting factor is
ate at which the liquid is able to escape from the so
etwork, which is dictated expressly by the permeab
herefore, the model predicts that in permeability lim
peration, the steady state underflow solids concentrat
function of solids flux alone, and not influenced by s

ension bed height. Indirectly however, the suspension
eight may also influence the effectiveness of raking (no

ig. 5. Typical steady state converging base thickener model predict
he solids flux as a function of underflow solids volume fraction for a ra
f suspension bed heights.
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counted for in the model) that also influences the underflow
solids concentration.

4.3. Compressibility limited operation

At low to intermediate solids fluxes, <0.1 t h−1 m−2 in
this example, the suspension bed height is observed to have
an effect on the underflow solids concentration. In this re-
gion, the residence time of the solids in the suspension bed is
long enough for compressive dewatering to occur. As such,
the amount of compressive force transmitted by the network
structure of the suspension bed is the dominant effect that
governs the underflow solids concentration.

In the limit of zero solids flux, the suspension will settle
to equilibrium and the underflow solids concentration will
be a function of steady state bed height only, dictated by the
compressive force generated and the compressive yield stress
behaviour for the material in question.

4.4. Solids throughput

For a flat bottomed thickener, multiplying the solids flux
by the cross sectional area of the thickener yields the solids
throughput. Therefore, for a flat bottomed thickener, a plot
of solids throughput (t h−1) versus underflow solids con-
c erpart
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Fig. 6. Typical steady state converging base thickener model prediction of
the solids throughput as a function of underflow solids volume fraction for
a range of suspension bed heights.

4.5. Solids residence time

The steady state thickener model predictions may also be
used to calculate the effective residence time of solids in the
bed of a thickener,tres, according to the following equation:

tres = 1

q

∫ hb

0
α(z)φ(z) dz. (15)

Fig. 7 shows a typical bed solids residence time versus un-
derflow solids concentration for a thickener based on model
predictions. The type of data presented inFig. 7gives insight
into the interaction between underflow solids concentration
and the existence of liquor stability issues and whether pre-

F dence
t ction
f

entration has the same shape as its solids flux count
t h−1 m−2), with the same suspension bed height effects
ith they-axis re-scaled. In the permeability-limited reg
f operation, for solids throughput and solids flux, the
erflow solids concentration is predicted to be insensitiv

he suspension bed height. In this region of operation
odel suggests that the only options available for ch

ng the underflow solids concentration are either to re
he solids flux (not practical) or to improve the permea
ty of the material in the low solids region, below the
oint.

For a converging base thickener, solids throughput
etermined by multiplying the solids fluxes by the cross

ional area of the thickener at the applicable suspensio
eights. The converging base thickener solids flux cu
hown inFig. 5 have been replotted as solids through
urves inFig. 6. The separation of the curves shown inFig. 6,
or suspension bed heights up to 5 m, is due to variatio
ross sectional area at the top of the suspension bed as t
ension bed height varies. For a converging base thick

he cross sectional area increases with the height of the
ension bed. As a consequence, when the top of the su
ion bed lies within the conical region, the solids through
s a function of bed height even when the process is pe
bility limited. Therefore, for converging base thickeners
olids throughput is a function of suspension bed heig
ituations where the solids flux is not. However, for hig
uspension bed heights, where thickener diameter doe
ary with suspension bed height, the bed height effect is
bserved for low solids fluxes.
-

t ig. 7. Typical steady state thickener model prediction of the solids resi
ime in the suspension bed as a function of underflow solids volume fra
or a range of suspension bed heights.
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Fig. 8. Typical steady state thickener model prediction of liquor recovery
fraction as a function of the underflow solids volume fraction.

cipitation or other time dependant behaviour may be expected
to be a problem in a given system.

4.6. Fractional liquor recovery

A liquor material balance can be used to indicate the frac-
tional liquor recovery,flr , in a thickener (or any other dewa-
tering operation for that matter) as a function of the underflow
solids concentration. The fractional liquor recovery is defined
as the liquor overflow flowrate divided by the total flowrate of
liquor fed to the washer, assuming that all solids leave via the
underflow and can be calculated from the following equation:

flr = φu − φ0

φu(1 − φ0)
. (16)

Fig. 8 shows the fractional liquor recovery as a function of
feed solids concentration, for the thickening example being
used. For underflow solids volume fractions less than 0.09
(corresponding to the condition of high overall solids flux)
the liquor recovery is low, below 50%. This indicates an im-
practical region of operation due to the free settling rate of
the feed material. Alternatively, for an underflow solids vol-
ume fraction of 0.30, liquor recovery is over 90% and there
is limited potential for improvement, even with significantly
higher underflow solids concentrations. The fractional liquor
recovery puts underflow solids concentrations into context
b y to
u

5

5

nce
w ea-

sure of the shortcomings of a predictive model. For a num-
ber of operating industrial thickeners processing flocculated
red mud, the thickener dimensions, operating parameters and
characterised material properties have been used as inputs to
the steady state thickening algorithm by Usher[2]. The pre-
dictions of solids flux versus underflow solids concentration
highlight that most thickener operation is limited by suspen-
sion permeability. At the actual underflow solids concentra-
tion, comparison of the predicted solids flux with the actual
value has suggested that there is something in the thickener
operation that effectively improves permeability by a factor
ranging from 2 to 100 for various raked thickeners. This per-
meability enhancement, not accounted for in the model, has
been attributed to raking and other shear processes which are
the focus of a number of ongoing research projects.

5.2. Shear yield stress limited operation

Industrial observations suggest that thickening perfor-
mance can often, but not always, be controlled by modifi-
cations to flocculant dose, bed height and rake speed. From
an operational perspective, the maximum underflow solids
concentrations achievable in many thickeners are limited by
physical constraints. These constraints include an upper limit
in the rake torque that can be safely applied and an upper limit
of the rate at which the underflow pump can operate for the
u rake-
a ield
s kener
r sions
w

lids
c 5 m
o d
f n to
t ss of

F ugh-
p 5 m.
y giving an alternative measure of dewatering efficienc
nderflow solids volume fraction.

. Discussion

.1. Comparison of predictions with process outputs

Comparison of industrial thickening process performa
ith steady state model predictions provides a good m
nderflow shear rheology. The simplest measure of the
bility and pumpability of a suspension is the shear y
tress. As a demonstrative example, many paste thic
aking arms and underflow pumps cannot handle suspen
ith a shear yield stress greater than 200 Pa.
Fig. 9shows a solids throughput versus underflow so

oncentration prediction for a thickener operated with
f bed height, as is presented inFig. 6. The gel point an

eed solids concentration are also illustrated, in additio
he solids concentrations at which the shear yield stre

ig. 9. Typical steady state thickener model prediction of the solids thro
ut as a function of underflow solids concentration for a bed height of
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the material is 50 and 200 Pa. Now, even though the thick-
ener modelling prediction shown inFig. 9 indicates that an
underflow solids concentration greater than 0.21 is achiev-
able, this is not likely to be the case in practice. As a process
control measure, ensuring that the underflow solids concen-
tration does not become too high can involve lowering the
suspension bed height, slowing the rake arm or lowering the
flocculant dose.

5.3. Optimisation

In terms of process optimisation, the aim is generally to
maximize the solids throughput and underflow solids con-
centration while maintaining overflow clarity and underflow
yield stress within preset bounds. Selecting the flocculation
regime that will enable this optimisation often requires a com-
promise between the conditions that produce the highest per-
meability and those which produce the best compressibility.
Alternatively, permeability curves may actually cross each
other within the solids concentration range of interest. Nei-
ther of these optimisations is possible without a predictive
thickener modelling tool.

A methodology has been developed to exploit the outputs
of the thickener algorithm to enable quantitative optimisation
of thickener performance. The methodology involves charac-
terisation of material properties including permeability, com-
p tions
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• ro-

• di-

• as

• The impact on downstream options such as management
of tailings impoundments and water recovery.

• The response in terms of water recovery and underflow
density to all of the suggestions above.

6. Conclusions

A useful steady state thickening model calculation algo-
rithm has been developed by combining free settling rate the-
ory with suspension bed consolidation theory. The algorithm
uses fundamental compressive yield stress, hindered settling
function and thickener geometry data as inputs. Presentation
of model outputs as solids flux and solids throughput versus
underflow solids concentration has been shown to enable im-
proved understanding of how steady state performance can
be affected by the adjustment of process variables. Conse-
quently, the role of flocculants, raking and other process vari-
ables in industrial thickening operations can be quantitatively
predicted, improving the potential for process optimisation.
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ppendix A. Computational algorithm

The computational algorithm that was applied to pre
teady state thickening performance is described below

. A list of underflow solids volume fractions,φu, was cre
ated with values bounded between the initial solids
ume fraction,φ0 and a high value such as 0.64 (e.g
φ0 = 0.05, then the list may be{0.06, 0.07,. . ., 0.63,
0.64}).

. For each underflow solids concentration,φu, the minimum
free settling flux,qfs, was determined by application of E
(7) for all solids concentrations,φ, ranging fromφ0 to φu
as described in the Free Settling theory.

. A list of bed heights,hb, was created with optimum ou
put resolution achieved by increasing values in a rou
exponential manner. For example{0.1, 0.2, 0.5, 1, 2, 5
10, 20}.

. The relevant bed height boundszequil andzfree were cal-
culated for each specified underflow solids conce
tion, φu, whereφu >φg. The minimum bed height r
quired to achieveφu, defined aszequil = z(φg), was de
termined by integration of Eq.(12) with q= 0. The bed
height beyond which thickener operation is permeab
limited is defined aszfree= z(φg). For a cylindrical vesse
(α(z) = 1), zfree was determined by integration of Eq.(12)
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with q= 0.99qfs (Note that ifq≥ qfs, then Eq.(12)cannot
be solved to uniquely satisfy the boundary conditions).
When the thickener has a converging base (α(z) < 1), it is
more difficult to avoid unstable integrations. In this case,
the value ofzfree was initially guessed as 0, and then it-
eratively determined aszfree= z(φg), by integration of Eq.
(12) with q=α(zfree)qfs. Eq. (12) was iteratively solved
until the variation ofzfree between iterations was insignif-
icant (e.g. <10−8).

5. For each bed height, a list ofq values was created corre-
sponding to the list ofφu values such that; ifφu <φg then
q= qfs. Else, ifφu ≤ φg then;
a. if hb < zequil, φu was unattainable and there was no cor-

respondingq value,
b. if zequil≤ hb < zfree, q was determined via a shooting

method described below and
c. if hb ≥ zfree, thenq=α(zfree)qfs.

6. To convertq values to solids fluxes (m3 solids s−1 m−2

at heighthb), q was multiplied by the ratio of the max-
imum cross sectional area to that at heighthb given by
d2

max/d(hb)2.
7. To convertq values to solids throughputs (m3 solids s−1),

q was multiplied by the maximum cross sectional area
given byπd2

max/4.

The shooting method for determiningq, givenφu andhb,
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